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Abstract
The spectral fluctuation properties of spherical nuclei are considered by use of 
NNSD statistic. With employing a generalized Brody distribution included 
Poisson, GOE and GUE limits and also MLE technique, the chaoticity parameters 
are estimated for sequences prepared by all the available empirical data. The ML-
based estimated values and also KLD measures propose a non regular dynamic. 
Also, spherical odd-mass nuclei in the 50 100A< ≤  mass region, exhibit a slight 
deviation to the GUE spectral statistics rather than the GOE. 
Keywords: Spectral statistics- spherical nuclei - Maximum Likelihood Estimation (MLE) – Gaussian Unitary 
Ensemble, Kullback-Leibler Divergence (KLD) 
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Introduction 
The Random Matrix Theory (RMT) is known as a main tool in describing the statistical 
distribution of the energy-eigenvalues for the quantum counterpart of a classical chaotic system 
[1-2]. It has been supposed that eigenvalues belonging to different irreducible representations 
of the symmetry group are statistically independent and obey Gaussian Orthogonal 
Ensemble (GOE) or Gaussian Unitary Ensemble (GUE) spectral statistics [3-5]. GUE 
statistics usually is expected for spectra of non-time-reversal invariant systems, while time-
reversal invariant (TRI) systems with integral spin or rotational invariance should explain level-
distributions according to GOE. Recently it has been exposed [5-10], time-reversal invariant 
systems with discrete symmetries may display, in certain irreducible subspaces, the spectral 
statistics corresponding to the Gaussian-unitary ensemble (GUE) rather than to the expected 
orthogonal one (GOE) [5]. Kramers-type degeneracy is supposed in such situations while similar 
degeneracy is expected for spherical odd-mass nuclei. Different statistics such as Nearest 
Neighbor Spacing Distribution (NNSD) [11-12] and etc [13-15] have been proposed to exhibit the 
statistical situation of systems in related to regular (Poisson limit) and chaotic (GOE or GUE) 
limits while NNSD is the observable most commonly used to analyze the short-range fluctuation 
properties in the nuclear spectra.  
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Since, the NNSD involves complete (few or no missing levels) and pure (few or no unknown 
spin-parities) level scheme, to achieve a significant statistical analysis [3-4], we in need to 
combine different level schemes to prepare sequences. In the present study, we consider the 
statistical properties of spherical nuclei [16-20] classified in different mass regions. To estimate 
with more precision, we generalized Brody distribution (with more parameters) which 
considered all Poisson, GOE and GUE limits [21]. With help of the MLE technique [22], the 
essential relations have been evaluated[19] while explore very exact results with low uncertainty. 
Sequences prepare by only ʹାlevels for even mass and by ଵଶ
ା
 levels for odd-mass nuclei (for 
their relative abundance) with all available empirical data [23-26] of nuclei in which the spin-
parity ܬగ assignment of at least five consecutive levels are definite. The ML-based estimated 
values for chaoticity parameters, propose a deviation to non regular dynamic for all sequences 
while as have predicted by Bae et al [27], heavier nucleus explore less chaoticity in compare to 
light ones. Also, spherical odd-mass nuclei propose more chaotic statistics in compare to even-
mass ones in all categories. The KLD measure consider the distances of estimated distribution to 
Poisson, GOE and GUE limits, suggest a trivial deviation to GUE spectral statistics for spherical 
odd-mass nuclei in the 50 100A< ≤  mass region.  
This paper is organized as follows: section 2 briefly summarizes the theoretical aspects of 
spherical nucleus, section 3 dealt with reviewing a statistical approach contained generalized 
Brody distribution and MLE method and finally, section 4 includes the numerical results 
obtained by applying the MLE to different sequences. Section 5 is devoted to summarize and 
some conclusion based on the results given in section 4. 
2. Spherical nuclei 
In the geometrical collective model first suggested by Bohr and Mottelson [16], nucleus modeled as a 
charged liquid drop. This model exhibits the moving of nuclear surface by an expansion in spherical 
harmonic with time-dependent shape parameters as coefficients [18]: 
ܴሺߠǡ ߮ǡ ݐሻ ൌ ܴ௔௩ ቎ͳ ൅෍ ෍ ߙ௟ఓሺݐሻ ௟ܻఓሺߠǡ ߮ሻ
௟
ఓୀି௟

௟ୀ଴
቏ǡሺʹǤͳሻ
Where ܴሺߠǡ ߮ǡ ݐሻ represent the nuclear radius in the direction ሺߠǡ ߮ሻat time ݐ and ܴ௔௩ is the radius of the 
spherical nucleus. Different ݈ െ values denote a translation or deformation seems at the collective 
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excitation of nucleus. ݈ and ߤ establish the surface coordinate as function of  ߠ and ߮ respectively. For 
axially symmetric nuclei, the nuclear radius rewrite as: 
ܴሺߠǡ ߮ሻ ൌ ܴ௔௩ሾͳ ൅ ߚଶ ଶܻ଴ሺߠǡ ߮ሻሿǡሺʹǤʹሻ
The quadrupole deformation parameter ߚଶሺൌ ߙଶ଴ሻ, is according to the axes of the spheroid by 
ߚଶ ൌ
Ͷ
͵ට
ߨ
ͷ
οܴ
ܴ௔௩
In which the average radius, ܴ௔௩ ൌ ܴ଴ܣଵȀଷ, and οܴ is the difference between the semimajor and 
semiminor axes where the larger value of ߚଶ explore more deformation of nuclei [18]. We qualify nuclei 
as deformed according to the liquid drop model calculation by P.Moller et al. [26], therefore, spherical 
nuclei for which the deformation parameter ߚଶ is equal to zero classified in different mass region and also 
even- and odd-mass groups. In order to prepare sequences by different nucleus with the available 
empirical data taken from [23-26], we have followed the same method given in Ref.[3]. Namely, we 
consider nuclei in which the spin-parity ܬగ  assignments of at least five consecutive levels are definite. 
In cases where the spin-parity assignments are uncertain and where the most probable value appeared 
in brackets, we admit this value. We terminate the sequence in each nucleus when we reach at a 
level with unassigned  ܬగ. We focus on ʹାlevels for even mass nuclei and  ଵଶ
ା
 levels for odd-mass ones 
for their relative abundance in specified nuclei. In this approach, we achieved 90 spherical nuclei (65 
even-mass in addition to 25 odd-mass nuclei) as presented in Table1. 
3. Nearest Neighbor Spacing Distribution 
The fluctuation properties of nuclear spectra have been considered by different statistics. All of them 
(such as Nearest Neighbor Spacing Distribution (NNSD) [11-12], the Dyson-Mehta οଷstatistic [13-15] 
and etc) have been carried with comparison of fluctuation properties of selected spectrum with theoretical 
predictions of Random Matrix Theory (RMT), integrable (ordered) systems or interpolation between 
these two chaotic and regular limits. In NNSD method, level spacing of nuclear spectra have been 
prepared with unfolding processes to compare with theoretical accounts. The distribution ܲሺݏሻ is the best 
spectral statistic to analyze shorter series of energy levels and the intermediate regions between order and 
chaos. To unfold our spectrum, we must use some levels with same symmetry [3].This requirement 
means to use levels with same total quantum number (J) and same parity. Then we first include the 
number of the levels below E and write it as [21] 
ܰሺܧሻ ൌ  ௔ܰ௩௘ሺܧሻ ൅ ௙ܰ௟௨௖ሺܧሻ
Then with taking a smooth polynomial function of degree 6 to fit the staircase function, we fix ௔ܰ௩௘ሺܧሻ. 
Therefore, the unfolded spectrum with the mapping ܧ௜ ՜ ߳௜
߳௜ ൌ ௔ܰ௩௘ሺܧ௜ሻ
is prepared. The nearest-neighbor level spacing is defined as ݏ௜ሺؠ ߳௜ାଵ െ ߳௜) which unfolded sequence 
ሼݏ௜ሽ is clearly dimensionless and has a constant average spacing of 1,then distribution P(s) will be as 
P(s)ds that is the probability for the ݏ௜ to lie within the infinitesimal interval [s,s+ds]. It has been shown 
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that the nearest-neighbor spacing distribution P(s) measures the level repulsion.It has been assumed that 
eigenvalues belonging to different irreducible representations of the symmetry group are statistically
independent and obey GOE [1] 
ܲሺݏሻ ൌ ͳʹߨݏ݁
ିగ௦
మ
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Or GUE spectral statistics 
ܲሺݏሻ ൌ ͵ʹߨଶ ݏ
ଶ݁ିସ௦
మ
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Depending on whether TRI holds or not. On the other hand, in non-interacting systems (where a number 
of vanishing H-matrix elements appear because of the presence of certain symmetries such as isospin 
symmetry, the NNSD is well approximated by Poisson distribution [1]
ܲሺݏሻ ൌ ݁ି௦ǡሺ͵Ǥ͵ሻ
Spectral statistics of different considered systems exhibit interpolation between these limits while prove 
the theoretical predictions about mixture of regular and chaotic dynamics for low-lying energy levels of 
excited nuclei [3-4]. In order to quantify the chaoticity of ܲሺݏሻ in terms of a parameter, it can compare for 
example with the Brody distribution [28] and etc [29-30], which are adequate for description of 
intermediate situations between order and chaos. Consequently, their parameters explain the chaoticity 
degrees of systems. To investigate all limits (Poisson, GUE and GOE), and also improve the precisions of 
estimated values, we generalized [21] the Brody distribution which considered Poisson (regular), GOE 
and GUE (chaotic) statistics and also estimated with more precision. We extended both (3.1) to (3.3) 
relations by means of ansatz 
ܲሺݏሻ ൌ ܾሺͳ ൅ ݍሻሺߙݏ௤ ൅ ߚݏ௤ାଵሻ݁ି௕௦೜శభǡሺ͵ǤͶሻ
Where the constants obtained as  
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Which interpolate between Poisson (ݍ ൌ ͲƬE ൌ Ͳ), GOE (ݍ ൌ ͳƬE ൌ Ͳ) and GUE (ݍ ൌ ͳƬߙ ൌ Ͳ) 
limits. To estimate with more precision, Maximum Likelihood Estimation (MLE) method [22] were 
employed while yield very exact results with low uncertainty in compare to other estimation methods 
particularly Least Square (LS) ones. The ML-based estimation method has been described in detail in Ref 
[21-22]. Here, we briefly outline the basic ansatz and summarize the results. The parameters b and q 
would estimate by high precision via solving related equations (relations (I-10,11) of Ref.[21]) by 
Newton-Raphson iteration method. Since, the exploration of the majority of short sequences yields an 
overestimation about the degree of chaoticity measured by the ”ݍǡ ܾ”, therefore, we don’t concentrate only 
on the implicit value of “q” and examine a comparison between the  amounts of “ݍܾ” in the same 
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mass region for different categories. Also, to compare the distance of estimated distribution with both 
GOE and GUE in some sequence exhibit a deviation to less regular dynamics (ݍ ՜ ͳ), we evaluated 
Kullback-Leibler Divergence (KLD) measure as: [ܲሺ݅ሻ represent our ML-based estimated distribution 
and GOE or GUE can be regard as ܳሺ݅ሻ where summation is carried on all ݏ௜ of sequences][21]: 
ܦ௄௅ሺܲԡܳሻ ൌ෍ܲሺ݅ሻ 
ܲሺ݅ሻ
ܳሺ݅ሻ௜
ሺ͵Ǥ͸ሻ
In which it would display closer distances between two distributions if ܦ௄௅ሺܲԡܳሻ ՜ Ͳ. 
4. Numerical results 
In the present study, we look the statistical properties of spherical nuclei. With regard to complete 
theoretical studies [16-18] and also experimental evidences [18-20], we tend to classify nuclei in different 
mass regions. Since we consider only sequences with at least 25 spacings are included, therefore, the 6 
considered sequences are unfolded and analyzed with the help of MLE method. The ML–based 
estimated values for the parameters of generalized Brody distribution yield as the converging values of 
iterations by related equations [(I-10,11) of Ref.[21]], where as an initial values, the LS-based estimated 
values included. A comparison of the spacing distribution carried by the values of (ݍǡ ܾ) for these 
sequences are presented in Table1.Also, the NNSD histograms for even- and odd- mass nuclei 
represented in Figure (1 and 2) respectively. 
   ܯܽݏݏݎ݁݃݅݋݊                                      ݍ                          ܾ                       ܭܮܦீைா                      ܭܮܦீ௎ா  
ܣ ൑ ͷͲሺ݁ݒ݁݊݉ܽݏݏሻ                       0.72 0.04±           1.16 0.06±                1.174                            3.211
ܣ ൑ ͷͲሺ݋݀݀݉ܽݏݏሻ                        0.80 0.07±           1.10 0.07±                0.837                            2.551
ͷͲ ൏ ܣ ൑ ͳͲͲሺ݁ݒ݁݊݉ܽݏݏሻ           0.82 0.12±           0.95 0.09±               0.795                             0.938
ͷͲ ൏ ܣ ൑ ͳͲͲሺ݋݀݀݉ܽݏݏሻ             0.85 0.09±           0.87 0.11±               0.704                             0.681
ͳͲͲ ൏ ܣ ൑ ͳͷͲሺ݁ݒ݁݊݉ܽݏݏሻ         0.53 0.08±           0.92 0.06±               1.297                             3.448
ͳͲͲ ൏ ܣ ൑ ͳͷͲሺ݋݀݀݉ܽݏݏሻ           0.65 0.05±           1.05 0.07±               1.235                             3.301
Table1. The ML-based estimated parameters of generalized Brody distribution in different sequences where 
KLDGOE and KLDGUE exhibit the distances of estimated distribution to GOE and GUE limits, respectively. 
From Table1 and Figures (1,2), a deviation to non regular dynamic ሺݍ ื ͳሻ,is apparent for these 6 
sequence while inclination is dominant for odd-mass nuclei similar to suggested results by [31-32]. The 
KLD measures reveal similar results (we don’t evaluate KLD Poisson for obvious chaoticity of sequences). 
These results prove the prediction of GOE where suggest spherical nuclei (magic or semi magic) exhibit 
shell model spectra and explore predominantly less regular dynamics in compare to deformed ones. Also, 
this result is known as AbulMagd-Weidenmuller chaoticity effect [33] where suggest the suppression of 
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chaotic dynamics due to the rotation of nuclei. Also the less chaotic dynamics explore by heavier 
spherical nuclei in compare to light ones, reveal the prediction of Bae et al [27] while consider a chaos to 
order transition by spherical heavy nuclei. On the other hand, the KLD measures suggest a slight 
deviation to GUE statistics for spherical odd-mass nuclei in the 50 100A< ≤  mass region. As already 
mentioned in previous sections, due to the presence of discrete symmetries [34-35], one can expect GUE
statistics of spectra although systems are time-reversal invariant (TRI). In this case, TRI induces 
degeneracy between different conjugate irreducible representations of the symmetry group (Kramers
degeneracy). It means, such that TRI is broken within one of the irreducible subspaces of the point 
group. It was suggested that the eigenvalues belonging to these degenerate subspaces should have the 
statistical properties of the GUE rather than the GOE [36-37]. Since, Kramers degeneracy means the 
levels in an odd-fermions system are at least doubly degenerate while for spherical nuclei, (2j+1) 
degeneracy is reveal, these results can be considered as a significant identification of GUE-type statistics 
in nuclear systems. On the other hand, the deviation to GUE statistics in this sequence can’t be regard as a 
predominant effect and for a overwhelming conclusion, one have to carry out the present statistics for all 
nuclei.                                                                                                                                                                                          
5. Summary and conclusion 
We review the level statistics of spherical nuclei in the NNSD-based statistics by using all the available 
experimental data. With use of a generalized Brody distribution and also MLE technique, the chaoticity 
parameter is estimated with more precision. The difference in the chaoticity parameter of each sequence is 
statistically significant while the chaoticity parameter is dominant in the spherical odd-mass nuclei. Also, 
a trivial deviation to GUE statistics is apparent for odd-mass spherical nuclei in the ͷͲ ൏ ܣ ൑ ͳͲͲ where 
may be realized due to the irreducible subspaces of the point group. Our results may be interpreted a 
weaker pairing force between the single particle and collective degrees of freedom in odd-mass nuclei 
than even-mass ones.
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Nuclei       N      maxE           Nuclei       N       maxE            Nuclei       N        maxE              Nuclei       N      maxE
30Si          5       6537          30P            13     7605            30S            5       6766                31S            5       6996 
32Mg        5       5203         32Si            5       5203            32P           15     8037                32S            6       7115 
32Cl          6       3283         33S             10     5915            33Cl           7       5869                34S            10     6848 
34Ar         6       7499        35S              13     7442            36S            5       7120                36Cl           5       3566 
36Ar        12      7179        37K            12     6741            38S            6        5278                38Ar          6       5595 
38Ca         6        5264        39Ca            5       6906           40Ar          6       4324                40Ca           29      9785 
41Ca         7        5984        41Sc            16     6335            42Ar         6       5553                42K            5       3502 
42Ca         11      4866        42Ti            5       4665            43Ca          10     6015                44S             5       3257 
44Ca         11      4804        44Ti            23     9238            45Ca          10     5479                45Sc           5       3092 
46Ca         12      7667        46Ti            23     6134            47Ca         10     9124                47V             5       6037 
48Ca         10      8883        48Ti            10     4388            49Ti          7       6078                49V             5       5293 
49Cr         7        6006        50Ca            5       4870            50Ti          6       4890                51V             5       5104 
52Ti         6        4787        52V             6       2881            52Cr          15     5664                53Cr            10    7167 
53Fe         8        7122       54Mn          24     4378            54Fe          14     6429                56Fe            28    5257 
56Ni        8        8674       58Ni           26      6983            58Co         39     4082                59Ni            10    5957 
114Sn       19      4030       116Sn          12       7179            118Sn        23     3944                120Sn           20    4190 
122Sn       21      4284       124Sn           9        3265            126Sn        11     3964                128Te            16   3030 
130Te        8        2745       131Te           7        3187            132Te        10     2918                132Xe           11   2959 
136Xe       8       3212       136Ba          19       3706            138Ba       39     4665                138Ce            10  3356 
139 Pr        8      1532        140Ba          13       3527            140Ce        21    6187                140Nd           13  3561 
142Ce        9      3697        142Nd         23        5355           142Sm       6      2747                144Nd           32  4845 
145Pm      5       2112        145Eu          5         2494            146Gd       20    5228                146Sm           26  3693 
   
148Gd      13     4051  
Table1. A description of available data where “N” describes the number of selected levels and ܧ௠௔௫  represents the 
highest level contributed for each nucleus. 
ϭϬ

Figure caption 
Figure1. NNSD histograms displayed for spherical even-mass nucleus in different mass regions. Solid, dashed and 
dotted line represent GUE, Poisson and GOE curves respectively. 
Figure2. Similar to Fig1, NNSD histograms displayed for spherical even-mass nucleus in different mass regions. 
Figure1. 
Figure2. 
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